In this paper we derive the Lindblad and Redfield forms with and without secular approximation from the Born-Markov master equation for open quantum systems. The spectral correlation tensor of bath (the Fourier transform of the bath correlation function) and then the coefficients in the two forms of the master equation are reevaluated according to the scheme in Ref. [Phys. Rev. A 99, 022118 (2019)]. They are complex numbers rather than the real numbers getting from traditional simplified methods. The dynamics of two models [one is an open three-level quantum system model, and the other is the model of phycoerythrin 545 (PE545) of modeling a photosynthesis reaction center] are studied by using the obtained equations. The non-secular Lindblad and Redfield equations with the complex coefficients predict almost the same dynamical results from the Born-Markov master equation. However, the results obtained from the traditional Lindblad and Redfield equations deviate the actual dynamics of the open quantum systems.
I. INTRODUCTION
Any quantum system will unavoidably suffer from interactions with uncountable degrees of freedom in surroundings. Therefore, the evolution of a quantum state will be affected by the environment of the system. Thus, understanding the dissipative quantum dynamics of a system embedded in a complex environment is an important topic across various sub-disciplines of matter science [1, 2] . The Lindblad and Redfield forms [3] [4] [5] based on Born-Markov master equation are convenient tools and they are widely applied for the investigations of the reduced dynamics of interest quantum systems [6] [7] [8] [9] [10] [11] . However, compared to the Born-Markov master equation, in Lindblad and Redfield forms of the master equation, the secular approximation is always needed to be used. In order to determine the coefficients of the equations, traditionally a Cauchy principle value integral should be solved and it is always difficult to obtain the analytic solution [12] . So the imaginary part of the spectral correlation tensor of bath (the Fourier transform of the bath correlation function) is always ignored, which distorts the true dynamics of the open quantum systems. In Ref. [13] , we proposed a scheme of formulating the Born-Markov master equation into a computable form, in which the secular approximation does not need to be used and the coefficients in the master equation are exactly reevaluated. It is interested that based on the idea in Ref. [13] , the Born-markov master equation can be represented into the Lindblad and Redfield forms, in which the secular approximation does not need to be used and the coefficients of the master equations can also be exactly determined. The obtained equations degenerate to the traditional Lindblad and Redfield forms of the master equation when we add the secular approximation on them. For convenience, we call the corresponding equa- * liangxianting@nbu.edu.cn tions with and without use of the secular approximation the secular and non-secular Lindblad and Redfield master equations.
By using the non-secular Lindblad and Redfield master equations, in this paper we shall investigate two models. One is a three-level quantum system model, the other is the PE545 complex [14] [15] [16] which is a model extensively used to study photosynthetic pigment protein complex. It will be shown that for the three-level quantum system the dynamics obtained from the non-secular Lindblad and Redfield master equations with the complex spectral tensor are similar to ones that obtained from the traditional Lindblad and Redfield master equations. However, for the PE545 complex model, the dynamics obtained from the non-secular forms with the complex spectral correlation tensor are definitely different to the results obtained from the traditional Lindblad and Redfield master equations. It means that for some complex open quantum systems, the traditional Lindblad and Redfield master equations are certainly lose some dynamical information because they omit many relaxation terms which do not satisfy the secular approximation. It also means that the the imaginary parts of the spectral correlation tensor of bath should also be included in the solution of the master equations.
II. MODEL AND FORMULATION
In this section we derive the non-secular Lindblad and Redfield equations. As usually, the total systemenvironment Hamiltonian is set as [12, 17] 
where H s , H b and H I are the Hamiltonian of the system, bath, and their interaction between them. Suppose the coupling of the system and its environment is described by the interaction Hamiltonian as
where S α and E α are the system and environment operators. The general Hamiltonian of the open multi-level quantum system can be written as
Here,q k , andp k , are the coordinate and momentum operators, and m k and ω k , the mass and angular frequency of the k-th harmonic oscillator of the bath, respectively, and c kα is the coupling coefficient between the α-th diagonal mode of the system and the k-th harmonic oscillator of the bath. |α is the α-th basis state of the multi-level quantum system. This is actually the Frenkelexciton Hamiltonian, which is widely used in the study of molecular aggregates in photosynthesis systems and other condensed systems [18] [19] [20] . By using the Born-Markov approximation, one can obtain the Born-Markov master equation in Schrödinger picture as [12] dρ
Here, and in the following we set = 1, and
Eq.(4) is not a computable form and it is not convenience for numerical analysis. Fortunately, two computable forms, Lindblad and Redfield forms of the master equation are introduced and extensively used in last years. These equations have been derived in many references, but some of them are based on the secular approximation. In the following we re-derive the equations based on the Born-Markov master equation, and these derivations do not need the help of the secular approximation and other assumptions.
A. Lindblad form
In this section we derive the Lindblad form of the master equation independent of secular approximation. Setting
we can then written Eq.(4) as
Here, S α is a unitary operator, so
where
the Born-Markov master equation can be arranged into
with
and
We denote the eigenvalues of H s by ω n and the projection onto the eigenspace belonging to the eigenvalue ω n by Π(ω n ). Then, we define the operators [12] 
Summing over all energy levels and employing the completeness relation in Eq.(13), we get
Thus, we have
Inserting the form of Eq.(15) into the Eq. (6), we obtain
where, Γ αβ (ω mn ) is the Fourier transform of the bath correlation function, we call it the spectral correlation tensor of bath, and it is
So, we have
Inserting Eqs. (14), (16) , and (18) into Eq.(11) we can obtain,
Similarly, we have
In Eq.(23), the third equality holds, which is based on the fact that exchanging the indexes α and β, and variables ω s ′ s and ω mn , the first term of the right-hand side of the equality does not change. We denote,
Thus, the master equation can be written in the compact form as
Further, this formation degenerates into the traditional form of the Lindblad master equation through imposing the secular approximation, and it becomes into [21, 22] 
Thus, we obtain the Lindblad form of the master equation with and without secular approximation.
B. Redfiled form
Similary, in the following we drive the non-secular Redfield equation. It is known that in the inteaction picture, we have
(33) From Eqs.(4) and (33) we have
The matrix form of Eq.(34) reads
where m αβ
By using Eq.(40) we have 
Thus, coming back to the Schrödinger picture, we can obtain the Redfield equation as
This is in fact the non-secular Redfield equation. The form is exactly equaled to the one obtained from the secular approximation. If we set the sum in Eq.(45) only including these terms, ω s = ω s ′ , ω m = ω n , and ω s − ω s ′ = ω m − ω n , the equation then degenerates to secular Redfield equation.
III. ON THE COEFFICIENTS IN LINDBLAD AND REDFIELD MASTER EQUATIONS
We can see that the Lindblad and Redfield equations Eqs.(27), (30) and (45) are depended on the coefficients χ αβ (ω mn , ω s ′ s ), Θ αβ (ω mn , ω s ′ s ) and Γ ± ijkl which are depended on ascertain Γ αβ (∆) for an identified ∆. In the following, we reevaluate the quality according to the scheme of calculating coefficients of Born-markov master equation in Ref. [13] . It is known that when α = β, we have W αβ (τ ) = 0, and when α = β, we set W α (τ ) = W αβ (τ ). So the correlate function can be calculated as
where we noticed that q j (τ )|q k = 0 for j = k, and N (ω j ) = 1/ e ωj /kB T − 1 , with k B the Boltzmann constant, and T the temperature. Traditionally, from W αβ (τ ) we can obtain the spectral correlation tensor of bath for an identified ∆ as
It is always described with a environmentally spectral density function, for example, Drude spectral density function [5] , as
Suppose the baths to be coupled to all modes of the system are the same, and ignore the imaginary part of integral in Eq.(48), an principle-value integral, then Γ αβ (ω mn ) in Eqs. (22) , (23) and (40) can be obtained as
Thus, when α = β, Γ
(1) αβ (ω mn ) = 0, and when α = β we have
Traditionally, we calculate the coefficients χ αβ (ω mn , ω s ′ s ), Θ αβ (ω mn , ω s ′ s ) and Γ ± ijkl by using the Γ (1) αα (ω mn ).
However, according to Ref. [13] , we can recalculate the spectral correlation tensor of bath, and this calculation does not need to ignore the imaginary part, here we set
Thus, we can recalculate the Γ αβ (ω mn ). When α = β, we have Γ αβ (ω mn ) = 0, and when α = β, we have
, γ(ω mn )= ∞ 0 dτ µ sin(ω mn τ ) = π 2 J(ω mn ), for ω mn = 0, 0, for ω mn = 0.
Here,ω j = 2jπk B T, (j = 1, 2, ..., N ). It is easy to be verified that
for ω mn = 0,
Re Γ
(2) αβ (ω mn ) , for ω mn = 0.
(57)
It is shown that Γ
(1) αβ (ω mn ) is the real part of the Γ (2) αβ (ω mn ) in high temperature approximation. In the following we shall investigate the reduced dynamics of two models by using the non-secular Lindblad and Redfield master equations and Γ A. An open three-level quantum system model At first, we investigate an open three-level quantum system model. The system's Hamiltonian is set as
where we set E 1 = 0, E 2 = −2.67cm −1 , E 3 = −3.67cm −1 , and V 12 = V 21 = V 23 = V 32 = 0.67cm −1 , and the environment is described with the Drude spectral density function as Eq.(50). Supposing that η = 0.125, Ω = 100.0cm −1 , and the environmental temperature is 300K. The initial state is set as ρ(0) = |1 1|. Numerical analysis shows that when N >= 100,D, and f are convergence, so we set N = 100 in Eq.(56), here. We solve the reduced dynamics of the open three-level system by using the non-secular Lindblad equation with Γ
(2) αβ (ω mn ), see Fig.1(a) , and Γ (1) αβ (ω mn ), see Fig.1(h) . It is shown that for the three-level quantum system, the distortion of quantum disspative dynamics due to use of the secular approximation and Γ 
Here, the environment is also described with the Drude spectral density function, and we set η = 12.5, Ω = 1000 cm −1 , and suppose the environmental temperature is 300K. The initial state is set as ρ(0) = |1 1|. When N >= 10000,D, andf are convergence, so we set N = 10000 in Eq.(56), here. We obtain the evolution of the elements of reduced density matrix for the PE545 model by using the non-secular Lindblad equation with Γ (1) αβ (ω mn ), see Fig.2(h) . From the evolution of the elements of the density matrix for the PE545, we see that both the secular approximation and the simplified Γ (1) αβ (ω mn ) will also be different. For more complex systems, this distortion will also be more serious.
V. DISCUSSION AND CONCLUSIONS
In this paper we re-derive the computable forms of Lindblad-like and Radfield-like master equations, and reevaluate the corresponding coefficients in the equations. And by using the secular and non-secular, Lindblad and Redfield master equations with different representations of the spectral correlation tensor of bath Γ (1) αβ (ω mn ), and Γ
(2) αβ (ω mn ), we investigated two quan-tum system models. One is an open three-level quantum system model, and the other is the PE545 model. It is shown that the secular approximation and simplified spectral correlation tensor bath Γ 
